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Abstract
The possibility of chiral symmetry restoration by acceleration is considered.
The Thermalization Theorem formalism and the large N limit (with N being
the number of pions) are employed to solve the lowest-order approximation to
QCD at low energies in Rindler spacetime. It is shown that chiral symmetry
is restored for accelerations higher than the critical value ac = 4pifpi , with fpi
being the pion decay constant. The results are completely analogous to those
obtained in the inertial, finite-temperature case, evincing the ontic character of
the Unruh effect.
1 Introduction
The decade of the 1970s saw the generalization of quantum field theory to curved
spacetimes and arbitrary observers in Minkowski spacetime. This led to the estab-
lishment of several seminal results, such as the discovery by Hawking that black holes
have an intrinsic temperature [1], and thus radiate until they evaporate.
Attempting to better understand Hawking radiation, Unruh found [2] that a sim-
ilar result may be obtained even when gravity is not present: he proved that a uni-
formly accelerated observer in Minkowski spacetime perceives the vacuum state of a
free quantum field theory as a thermal ensemble of particles at temperature T = a/2pi
(in natural units), with a being the observer’s acceleration. Despite the fact that this
phenomenon requires experimentally unattainable accelerations to be observed di-
rectly (for instance, accelerations of the order of 1022 times the Earth’s mean surface
gravity are required to produce an Unruh temperature similar to ambient tempera-
ture), it is nevertheless considered to be highly fundamental, since it has been de-
rived in several ways, such as the study of the response of particle detectors along
non-inertial trajectories, canonical quantization [3] and even axiomatic quantum field
theory [4] (for a thorough review of the Unruh effect, see Ref. [5]).
However, none of these methods allows to discern whether the temperature–
acceleration analogy introduced by the Unruh effect is just a formal result or if,
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on the contrary, it is capable of triggering non-trivial dynamical effects, such as phase
transitions. The answer to this question requires the use of a formalism which is based
on a path-integral approach to field theory, which will therefore be ideally suited to
address arbitrary interacting theories and the connection between quantum field the-
ory and thermodynamics. This formalism was developed by Lee [6] in 1986, and is
known as the Thermalization Theorem.
In this work, we shall make use of Lee’s formalism in order to study whether
accelerated observers are able to experience the spontaneous symmetry breaking or
restoration of chiral symmetry, which is one of the main features of the fundamental
theory of strong interactions, QCD, at finite temperature in Minkowski spacetime.
Indeed, it has already been shown that accelerating observers detect the restoration
of continuous global symmetries in some systems featuring Spontaneous Symmetry
Breaking (SSB), such as the Nambu-Jona-Lasinio model [7], the λΦ4 theory at the
one-loop level [8] and the Linear Sigma Model (LσM) in the large N limit [9].
2 Rindler spacetime and the Thermalization Theo-
rem
Consider a uniformly accelerated observer with proper acceleration a along the X
direction of Minkowski spacetime ds2 = dT 2−dX2−dY 2−dZ2 ≡ dT 2−dX2−dX2
⊥
,
where Xµ = (T,X, Y, Z) are the usual Cartesian-like coordinates. The trajectory
of such an observer is the hyperbola T 2 − X2 = −1/a2, whose asymptotes —the
null lines T = ±X— divide Minkowski spacetime into four quadrants: the regions
±X > |T |, respectively known as the right (R) and left (L) Rindler wedges, each
of which contains one of the branches of the hyperbola; and the regions ±T > |X |,
which are respectively the future (F ) and past (P ) of the origin. Notice that, while
R and L are causally disconnected, both share a common past, and so correlations
between them may exist. Hyperbolic motion is conveniently described using comoving
coordinates xµ = (t, x, y, z), which range in (−∞,∞) and are defined by
T = a−1eax sinh(at), X = ±a−1eax cosh(at), Y = y, Z = z, (1)
with the plus-sign choice covering only R and the minus-sign choice covering only L.
It is important to notice that this implies that the Euclidean Minkowski time TE ≡ iT
and X are periodic functions of the Euclidean comoving time tE ≡ it, with period
2pi/a. In terms of comoving coordinates, the Minkowski metric is
ds2 = e2ax(dt2 − dx2)− dx2
⊥
(2)
in both R and L. The worldline with x = 0 corresponds to the trajectory of constant
proper acceleration a; in fact, each of the worldlines with constant x is a trajectory
with proper acceleration a(x) = ae−ax. Hence, it is also useful to define the so-called
Rindler coordinates ρ ≡ 1/a(x) = eax/a ∈ [0,∞) and η ≡ at ∈ (−∞,∞).
Let us suppose now that there exists a certain quantum field theory defined over
Minkowski spacetime, which describes fields of arbitrary spin and their possible in-
teractions. Consider, without loss of generality, a Rindler observer in R (the results
generalize straightforwardly to L). Because this observer is causally disconnected
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from all the events in L, she will be insensitive to any vacuum fluctuations outside
R. As a result, the Minkowski vacuum state of the theory, which is a pure state
|ΩM 〉 for any inertial observer, becomes a mixed state in the eyes of the accelerated
observer, who needs to perform a partial trace over the degrees of freedom in L. Most
importantly, the corresponding density matrix was shown by Lee to be
ρR = trL|ΩM 〉〈ΩM | = e
−2piHR/a
tr e−2piHR/a
, (3)
where HR is the Rindler Hamiltonian (i.e. the generarator of t-translations). This
density matrix describes a thermal ensemble at temperature T = a/2pi, which is pre-
cisely the Unruh temperature originally found for free scalar field theories. However,
the applicability of this result is virtually universal: it guarantees that the Minkowski
vacuum state will be perceived by a Rindler observer as a thermal state, indepen-
dently of the field theory considered. This is the reason why it is also known as the
Thermalization Theorem.
3 Chiral symmetry and its restoration by accelera-
tion
Two-flavor massless QCD in ordinary Minkowski spacetime is known to possess two
distinct phases, one in which chiral SU(2)L×SU(2)R symmetry is spontaneously bro-
ken into isospin symmetry SU(2)L+R, and one in which it is restored. Both phases
are separated by a typical Landau-Ginzburg (i.e. second order) phase transition at a
certain critical temperature Tc, with the order parameter being the quark condensate
〈q¯q〉T , where q is the quark field and 〈 · 〉T denotes the expectation value at temper-
ature T on the Minkowski QCD vacuum state. Thus, because of the temperature–
acceleration analogy, it is natural to wonder whether a Rindler observer perceives a
restoration of chiral symmetry if her acceleration a is higher than a certain critical
value ac. This issue may be elucidated by functionally quantizing the low-energy effec-
tive theory for QCD1 in the right Rindler wedge, and then computing the expectation
〈q¯q〉a on the Minkowski QCD vacuum (which, as per the Thermalization Theorem,
will be felt by the accelerated observer as a thermal ensemble at temperature a/2pi).
The lowest-order effective field theory for QCD is a non-linear sigma model (NLσM)
whose Euclidean partition function in R is
Z =
∫
[dΦ][dλ] exp
(
−
∫
d4x
√
g
(
1
2
∂µΦ
T∂µΦ +
λ
2
(ΦTΦ− f2pi)−M2pifpiσ
))
, (4)
where
√
g is the determinant of the Euclidean Rindler metric, Mpi is the pion mass,
fpi is the pion decay constant, and Φ
T = (pia, σ) is a real quadruplet belonging to
the fundamental representation of SO(4) ≃ SU(2)L × SU(2)R, consisting of the three
pion fields pia (with a = 1, 2, 3) plus an additional field σ related to them through
1As it is well known, QCD is asymptotically free, and thus becomes non-perturbative at low
energies. In this regime, quarks and gluons cease to be the relevant degrees of freedom and an
effective description in terms of the next lightest particles in the hadronic spectrum, the pions, is
needed. Coincidentally, the pions are also the (pseudo-)Nambu-Goldstone bosons associated to chiral
symmetry breaking.
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the non-linear constraint of the model, ΦTΦ = piapia + σ2 = f2pi, which is in turn
enforced through the introduction of the non-dynamical Lagrange-multiplier field λ.
The fields are also required to satisfy the thermal-like Rindler boundary conditions
pia(τ = 0,x) = pia(τ = 2pi/a,x), σ(τ = 0,x) = σ(τ = 2pi/a,x), σ(τ, |x| = ∞) = fpi
and λ(τ = 0,x) = λ(τ = 2pi/a,x). In addition, by comparing (4) with the standard
QCD partition function (restricted to R) it is clear that 〈q¯q〉a ∝ 〈σ〉a.
The NLσM model described above may be solved non-perturbatively in the large
N limit, where N is the number of pions. This limit is properly defined if f2pi is of
order N , i.e. f2pi ≡ NF 2, with F 2 being N -independent. Bearing this in mind, the
Euclidean partition function may be rewritten in the chiral limit Mpi → 0 as
Z =
∫
[dpi][dσ][dλ] exp
(
−
∫
d4x
√
g
(
− 1
2
piapia− 1
2
σσ+
λ
2
(pi2+σ2−f2pi)
))
. (5)
The functional integral over the N pion fields is Gaussian, and thus may be readily
performed. Defining Γ[σ, λ] as the effective action in the exponent of the remaining
integral, the fields can be expanded around some point (σ¯, λ¯) in the functional space
where the first functional derivative of Γ[σ, λ] vanishes. Using the steepest descent
method, we have Z = e−Γ[σ¯,λ¯] + O(N−1/2) and σ¯2(x) = 〈σ(x)〉2a = 〈σ2(x)〉a in the
large N limit. Thus σ¯(x) and λ¯(x) are chosen to be the solutions of
δΓ
δσ(x)
= −σ + λσ = 0, (6)
δΓ
δλ(x)
=
1
2
(σ2 − f2pi) +
N
2
G(x, x;λ) = 0, (7)
with boundary conditions σ¯ = fpi and λ¯ = 0 at x→∞, and where
(−+ λ)xG(x, x′;λ) = 1√
g
δ4(x− x′). (8)
Unfortunately, an exact solution of these equations cannot be easily found. How-
ever, they may be solved approximately for ax << 1 (i.e. close to the origin of the
accelerating frame) by exploiting the peculiar properties of Rindler spacetime. In this
region, it can be shown [10] that λ ≃ 0, and that the relevant Green function is
G(x, x; 0) =
∫
∞
0
dΩ
Ωpi
2ρ2 tanh(Ωpi)
. (9)
Introducing ω ≡ aΩ and expanding aρ = 1 + ax+ . . ., equation (7) becomes
σ2 = f2pi −
N
4pi2
(1 − 2ax)
∫
∞
0
dω ω
(
1 +
2
e2piω/a − 1
)
+O(a2x2). (10)
While the second integral on this equation may be easily calculated, the first one
clearly requires regularization (for example, by introducing an x-dependent ultraviolet
cutoff Λe−ax, which leads to a renormalization of fpi). Thus, if we now define the N -
independent critical acceleration as a2c ≡ 48pi2f2pi/N we have
σ¯2(x) = f2pi
(
1− a
2
a2c
+ 2x
a3
a2c
+ . . .
)
, (11)
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which is also a solution of equation (6) at this order. Assuming σ¯(0) to be real, the
evaluation of this expression at the origin x = 0 of the accelerating frame yields
σ¯(0)
∣∣
a
σ¯(0)
∣∣
0
=
〈σ(0)〉a
〈σ(0)〉0 =
〈q¯(0)q(0)〉a
〈q¯(0)q(0)〉0 =


√
1− a
2
a2c
if 0 ≤ a < ac,
0 if a ≥ ac.
(12)
Thus, we clearly see that acceleration triggers the second-order chiral phase transition
at the origin of the Rindler frame. For N = 3 pions (i.e. the physical case for
two-flavour QCD), the critical acceleration ac = 4pifpi corresponds to an Unruh-like
temperature Tc = 2fpi, which is precisely the temperature at which the QCD phase
transition is found to take place if the NLσM is solved in Minkowski spacetime [11]
in the same large N limit that we have consider in R. Also, the same behavior
for 〈q¯q〉T /〈q¯q〉0 is found in this case, but substituting a/ac 7→ T/Tc. However, the
expression for 〈q¯q〉T /〈q¯q〉0 is valid in all Minkowski space, due to its homogeneity and
isotropy.
We can extend our discussion to other points close to the origin by considering two
different accelerated observers at Rindler coordinates ρ = 1/a and ρ′ = 1/a′. From
the point of view of the first observer, the second one is located at some point with x
coordinate given by ρ′ = 1/a′ = eax/a, i.e. her acceleration is a′ = ae−ax. Thus, the
position-dependent condensate is given by
〈q¯(x)q(x)〉
〈q¯(0)q(0)〉 =
√
1− a
2
a2c
e−2ax. (13)
Therefore, for a Rindler observer with acceleration a ∈ (0, ac), the condensate ranges
from 〈q¯(0)q(0)〉 at infinity to zero at the critical value xc ≡ ln(a/ac)/a < 0.
This means that the chiral phase transition takes place on the (xc, x⊥) surface.
The symmetry is also restored on the region close to the horizon x < xc, where
〈q¯(x)q(x)〉 = 0. Thus, the boundary between the broken and restored phases is
completely determined by ac, which only depends on QCD parameters.
Finally, it is interesting to notice that (13) implies that, for points different to
the origin, what the condensate feels is equivalent to a thermal bath with a space-
dependent temperature [12] T (x) ≡ ae−ax/2pi, which diverges at the horizon and goes
to zero at infinity. This temperature is consistent with the Tolman and Ehrenfest
rule [13] for thermal equilibrium in static spacetimes, since T (x)
√
g00 = a/2pi is an
x-independent constant, as required by the rule.
4 Conclusions
The powerful Thermalization Theorem formalism has allowed us to demonstrate the
ability of the Unruh effect to produce non-trivial dynamical effects. In particular,
we have been able to study the restoration of the highly fundamental QCD chiral
symmetry by acceleration. We have shown that analogous results are found in both
the thermal and Rindler cases, with a typical second-order phase transition occurring
for those accelerated observers whose accelerations are higher than the critical value
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ac = 4pifpi ≃ 1.6 GeV for N = 3 pions. The behavior obtained for the spacetime-
dependent temperature felt by the condensate is also compatible with the standard
requirements for thermodynamic equilibrium in static spacetimes, of which Rindler
space is a particular example. Our results may have applications in ultra-relativistic
heavy collisions, in which the Unruh effect has been proposed as a possible thermal-
ization mechanism [14], and also in black holes or cosmological scenarios, since local
Rindler coordinates can always be defined close to any horizon [15].
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